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The capture cross section, the fusion cross section, and the quasi-fission yield producing symmetric
fragments ( ACN/2 ± 20u ) in the 48 Ca+ 238 U reaction are analyzed by the multidimensional Langevin
equation taking account of the surface friction effect. From the experimental data, the strength of the
tangential friction has been determined. It is presented that tangential friction increases in proportional
to the power of the relative velocity of the projectile and the target.
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Introduction

Understanding the nuclear structure and fusion dynamics in low-energy heavy

ion reactions is very important for proposing effective experimental methods

and experimental setup. In particular, in order to synthesize superheavy nuclei

and to produce neutron-rich nuclei, the studies on the reaction dynamics is

called for. Recently, the 118 element has synthesized and the experimental

trials for new superheavy elements have been continued. Many attempts will

pursuits the limit of existence of elements beyond the 118 element to show how
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nucleons can be bound to form mono nucleus. In the r-process studies [1, 2,

3], the production of neutron-rich nuclei far from the stable line is crucial. The

knowledge for neutron-rich superheavy nuclei is also useful to get new insights

into the nucleosynthesis and chemical evolution of the universe. In order to

produce superheavy nuclei, it is essential to understand the reaction dynamics

and nuclear structure. Here, the reaction dynamics is investigated by focusing

on the friction between reaction partners in the fusion process. In the first stage,

when the projectile and the target nucleus start to come into contact with each

other, the friction in the radial and the tangential direction take effect through the

contact surface. The radial friction causes the dissipation of their kinetic energy.

On the other hand, the tangential one causes the dissipation of orbital angular

momentum [4]. We focused on tangential friction in this paper. There are two

types of tangential friction: the sliding friction and the rolling friction. These are

discussed theoretically by the surface-friction model [5], but the strength of the

friction is still under studies. The coefficients of the friction are parameters to

explain experimental data in the model but no comparison with the experimental

data is yet shown [5]. The nature of the sliding friction is known to affect on

the reaction process much more than the rolling friction. The rotation of the

contact system is controlled by the friction relating with the relative velocity

between the projectile and the target. It is reported that the rolling friction is

shown to have less effect on the reaction cross section than the sliding friction

[4]. In this paper, we investigate the dynamics of the reaction due to the sliding

friction. In the followings, we renamed the sliding friction as the tangential

friction. The friction in the tangential direction converts a part of the orbital

angular momentum into the spin of the nucleus, and as the results the centrifugal

potential energy decreases. Less fusion reactions are observed in the reaction

with large orbital angular momentum, but fusion reactions appear as decreasing

the centrifugal potential energy. Here, we clarified the dynamical property of the

tangential friction by investigating in various incident energies. The tangential

friction in consistent with the experimental quantities in the fusion process, that

is the complete fusion and the yield concerning with the symmetric fission, is

shown. Such study also leads to elucidate the mechanism of fusion process.

The framework of the present model is described briefly in the following

section. The numerical results are compared with the experimental data to

determine the strength of the tangential friction in the succeeding section. The

final section is devoted to the summary and discussions.

Framework

Potential energy

We adopt the dynamical model which is established as the unified model [6].

The initial stage of the nucleon transfer occurred in the reaction consists of two

parts: (1) the system composed of the projectile and the target in their ground

state and separating at infinity starts to reconfigure each single particle state (2).
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In the part where the projectile and the target fuse each other, the potential energy

surface changes from the diabatic one to the adiabatic one. Therefore, we consider

the time evolution of potential energy from the diabatic one Vdiab (q) to adiabatic

one Vadiab (q) . Here, q denotes a set of collective coordinates representing nuclear

deformation. The diabatic potential is calculated by a folding procedure using

effective nucleon-nucleon interaction [6, 7, 8]. The adiabatic potential energy of

the system is calculated using an extended two-center shell model [8]. Then, we

connect the diabatic and the adiabatic potentials with a time-dependent weighting

function as follows:

V = Vdiab (q) f (t) + Vadiab (q) [1 − f (t)] ,

f (t) = exp

(

−
t

τ

)

. (1)

Where t is the interaction time and f (t) is the weighting function with the

relaxation time τ . We use the relaxation time τ = 10−21s proposed in [9, 10,

11]. We use the two-center parameterization [12, 13] to coordinated the nuclear

deformation. To solve the dynamical equation numerically and avoid the huge

computation time, we strictly limited the number of degrees of freedom and

employ three parameters as follows: z0 (distance between the centers of two

potentials), δ (deformation of fragment), and α (mass asymmetry of colliding

nuclei); α = (A1−A2)
(A1+A2)

, where A1 and A2 stand for the mass numbers of the

target and projectile, respectively [6, 14] and are used also as the mass numbers

of the two fissioning fragments. As shown in Figure 1 in Ref. [12], the parameter

δ is defined as δ = 3(a−b)
(2a+b)

, where a and b represent the half length of the long

and the short elliptic axes in the z0 − δ space, respectively. We assume that each

fragment has the same deformation. In addition, we use scaling technics to save

computation time and use the coordinate z defined as z = z0
(RCN B)

, where RCN

denotes the radius of the spherical compound nucleus and the parameter B is

defined as B = (3+δ)
(3−2δ)

.

Multidimensional Langevin equation

We perform trajectory calculations of the time-dependent unified potential

energy [6, 7, 14] by Langevin equation. We start trajectory calculations from a

sufficiently long distance between both nuclei [14]. So, we use the model which

takes into account the nucleon transfer for slightly separated nuclei [6]. For

the nucleon transfer between two separate nuclei use is made of the procedure

described in Refs. [6, 7]. When both nuclei fuse into the mononucleus having

sufficient wide neck, the evolution process of the mass asymmetry parameter

α switches from the master equation to Langevin equation according to the

procedure described in [14]. We use the multidimensional Langevin equation [6,
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14, 15] as follows:

dqi
dt =

(

m−1
)

ij
pj,

dpi
dt = − ∂V

∂qi
− 1

2
∂

∂qi

(

m−1
)

jk
pj pkγ −ij

(

m−1
)

jk
pk + gijRj (t) ,

dθ
dt = ℓ

µRR2 ,

dϕ1
dt = L1

ℑ1
,

dϕ2
dt = L2

ℑ2
,

dℓ
dt = − ∂V

∂θ − γtan

(

ℓ

µRR2 −
L1
ℑ1

a1 −
L2
ℑ2

a2

)

R + RgtanRtan (t) ,

dL1
dt = − ∂V

∂ϕ1
− γtan

(

ℓ

µRR2 −
L1
ℑ1

a1 −
L2
ℑ2

a2

)

a1 − a1gtanRtan (t) ,

dL2
dt = − ∂V

∂ϕ2
+ γtan

(

ℓ

µRR2 −
L1
ℑ1

a1 −
L2
ℑ2

a2

)

a2 − a2gtanRtan (t) . (2)

The collective coordinates qi represent z, δ , and α, the symbol pi denotes

momentum conjugated to qi , and V is the multidimensional potential energy.

The symbols θ and ℓ indicates the relative orientation of nuclei and relative

angular momentum respectively. ϕ1 and ϕ2 stand for the rotation angles of the

fissioning fragments in the reaction plane (their moment of inertia and angular

momenta are ℑ1,2 and L1,2 , respectively), a1,2 = R
2 ± (R1−R2)

2 is the distance from

the center of the fragments to the middle point of neck region, and R1,2 is the

fragment radii. The symbol R is distance between the fragment centers. The total

angular momentum L = ℓ+ L1 + L2 is preserved. The symbol µR is reduced

mass, and γtan is the tangential friction force of the colliding nuclei. Here, it is

called sliding friction. The phenomenological nuclear friction forces for separated

nuclei are expressed in terms of γF
tan for sliding friction using the Woods-Saxon

radial form factor described in Refs. [6, 7]. The sliding friction are described as

γtan = γ0
t F (ζ) , where the radial form factor F (ζ) =

(

1 + expζ
)−1

, ζ = (ξ−ρF)
aF

.

γ0
t denote the strength of the tangential friction, respectively. ρF ∼ 2 fm and

aF ∼ 0.6 fm are the model parameters, and ξ is the distance between the

nuclear surfaces ξ = R − Rcontact , where Rcontact = R1 + R2 [6]. The symbols

separated by mij and γij stand for the shape-dependent collective inertia and

friction tensors elements, respectively. We adoped the hydrodynamic inertia

tensor mij in Werner-Wheeler approximation for the velocity field [16]. The

normalized random force Ri (t) is assumed to be white noise: ⟨Ri(t)⟩ = 0 and

⟨Ri(t1)Rj(t2)⟩ = 2δijδ(t1 − t2) . According to Einstein relation, the strength of the

random force gij is given γijT = ∑k gijgjk , where T is the temperature of the

compound nucleus calculated from the intrinsic energy of the composite system.

The adiabatic potential energy is defined as

Vadiab (q, L, T) = VLD (q) +
h̄2L(L+1)

2I(q)
+ VSH (q, T) ,

VLD (q) = ES (q) + EC (q) ,

VSH (q, T) = E0
shell (q)Φ (T) ,

Φ (T) = exp
(

−E∗

Ed

)

. (3)
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Here, I (q) represents the moment of inertia of the rigid body with deformation

q . The centrifugal energy generated from the angular momentum L of the rigid

body is also taken into account. VLD and VSH are the potential energy of the

finite range liquid drop model and the shell correction energy taking into account

of the temperature dependence, respectively. The symbol E0
shell indicates the

shell correction energy at T = 0 . The temperature dependent factor Φ (T) is

explained in Ref. [14], where E∗ indicates the excitation energy of the compound

nucleus. E∗ is given E∗ = aT2 , where a is the level density parameter. The shell

damping energy Ed is selected as 20 MeV. This value is given by Ignatyuk et

al. [17]. The symbols ES and EC stand for generalized surface energy [18] and

Coulomb energy, respectively.

Results and discussion

Fragment mass and total kinetic energy

The effect of the tangential friction with the present framework is described

below. Figure 1 shows the mass distribution and the average total kinetic energy

( TKE ) for different strength of tangential friction in the reaction system of
48 Ca+ 248 U.
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Figure 1. Fission fragment mass distribution and average total kinetic energy ( TKE ) in the reaction of 48 Ca+ 238 U at the
different strength of tangential friction for the different Ec.m./Ebass values. The calculation results are shown in the mass

region of 54 ≤ A ≤ 232 by the colored lines in the upper panels and by the open circles in the lower panels. The
experimental fission yields and the TKE are shown by the dots [19].

As the stronger tangential friction is assumed, the fission yields increase in

the mass symmetric region. And consequently, TKE tends to increase. At the

low incident energy shown in the upper left panel of Figure 1, mass distribution
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drastically changes from the asymmetric fission to the symmetric one as increasing

the strength of tangential friction. At high energies, the dominant fission mode

does not change dramatically. The calculation result of the mass distribution at

Ec.m. = 190 MeV ( E∗ = 30.9 MeV) assuming the value of γ0
t = 0.1 MeV s fm −2

is good agreement with the experimental value. But TKE is underestimated in

this case. On the other hand, the mass distribution at Ec.m. = 210 MeV ( E∗ =
50.9 MeV) can be reproduced the tendency of the experimental value with the

friction parameter γ0
t = 30.0 MeV s fm −2 . However, TKE shows considerably

higher than the experimental value even if in this strong friction case. The reason

why TKE is greatly affected with γ0
t is in the different deformation which

concerns with the Coulomb energy at scission as presented in the followings.

The behaviors of scission point

Figure 2(a)-(c) show the scission points distribution, the δ distribution, and the

distance distribution between centre of mass of colliding system with γ0
t = 0.1

MeV s fm −2 , respectively. From Figure 2(a), it can be seen that the scission points

distribute around δ ∼ 0.3 and the elongation of about 25fm. These calculations

show that the fissioning nuclei separate in the considerably stretched shape.

Further, the investigation is made on the behavior of scission point under the

strong friction. Figures 3(a), (b), and (c) show the same distributions for γ0
t = 30.0

MeV s fm −2 . Figure 3(a) shows that the scission points are more populated in the

lower left than that in the case of Figure 2(a). The peak of the distribution locates

on the −δ region as shown in Figure 3(b), and the scission occurs at about the

elongation of 16fm from Figure 3(c). If γ0
t increases, the deformation parameter

δ moves toward negative region and the fissioning fragments separate with a

small distance between their centers. This means that the fission occurs in the

compact configuration. The TKE is greatly affected because the nuclear shape at

scission depends on the strength of tangential friction. The TKE is expressed as

follows:

TKE = PKE + PCE = PKE + e2 Z1Z2
dsci

, (4)

where PKE and PCE denote the pre-scission kinetic energy and the pre-scission

Coulomb energy, respectively. e2 = 1.44 MeV fm, Z1, Z2 are the charge of

each fragment, dsci is the distance between centre of mass of light and heavy

parts of the nucleus at the scission point. From Figure 2, for the small γ0
t the

scission distance dsci shifts to the large value. Thus, the TKE value becomes

lower than the experimental one. On the other hand, for large γ0
t , the value of

dsci shows too small. Therefore, it is considered that the TKE value is higher

than the experimental value. The reason why the calculated TKE value is not

good agreement with experimental data is that the TKE could not be evaluated

accurately, because the amount of the conversion of the internal energy into PKE

can not be easily speculated and the behaviour of the scission point depends

largely on the strength of tangential friction.
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Figure 2. The scission points distribution, the δ distribution, and the distribution of the distance between centre of mass
of right and heavy fragments for γ0

t = 0.1 MeV s fm −2 and Ec.m./Ebass = 0.98.
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t = 30.0 MeV s fm −2 and Ec.m./Ebass = 1.08.
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The fusion mechanism and the tangential friction

The compound nucleus (CN) are formed after the projectile nucleus is captured

by the target nucleus. The capture occurs by overcoming the coulomb force of the

colliding system. Here, we investigate the dependence of capture cross section on

the tangential friction. The capture cross sections in the 48 Ca+ 238 U system are

show in Figure 4 as the function of γ0
t in the range of Ec.m./Ebass =0.930-1.186.

The horizontal black and the gray line show experimental data and its error
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0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30 0 10 20 30

0.930

ca
p (

m
b)

Ec.m./Ebass=

(c)(b)
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0.960 0.982 1.032 1.084 1.135 1.186

(e) (f) (g)

Figure 4. (a)-(g) The γ0
t dependence of the capture cross section σcap obtained by the Langevin calculation in the range

of Ec.m./Ebass =0.930-1.186 in the reaction system 48 Ca+ 238 U. The horizontal black and gray line show experimental
data and its error bar, respectively [19].

bar, respectively [19]. Though the capture cross section depends on the incident

energy, it is almost constant with the variation of γ0
t , because the property of the

radial form factor of the sliding friction discussed in the previous section. The

calculation results are not in good agreement with the experiments under the

barrier energy due to being out of application of the Langevin-type approach. To

form CN, it is also necessary the mass drift occurring towards mass-symmetry.

Here, We investigate the relationship between the tangential friction and the mass

drifts towards mass-symmetry. Figure 5 shows the σsym defined ACN/2 ± 20 u

in the range of Ec.m./Ebass = 0.954-1.114 for 48 Ca+ 238 U system. The horizontal

black and the gray line show experimental data and its error bar, respectively [20].

It is possible to infer the adjustable value of γ0
t for σsym above the Ebass from

the figure. However, under the Ebass our calculation underestimates irrelevantly

to the γ0
t , because our model is also unapplicable in this energy region.

Next, we investigate the effect of the tangential friction on the fusion cross

section. The fusion cross section σf us is estimated by the summation of events

whose trajectories enter the fusion box [14]. The definition of fusion box is

{|α| < 0.3, δ < −0.5z + 0.5} in the present calculation. Figures 6(a)-(c) show the

fusion cross section at the different energies as the function of tangential friction

γ0
t . The horizontal black line and the gray line show experimental data and its

error bar, respectively [21]. The fusion cross section increases in proportion to the

strength of friction because the trajectories can enter the fusion box by lowering

the fusion barrier due to the dissipation by the tangential friction. At the lower

energies, the variation in fusion cross section owing to the tangential friction is

larger than that at the higher energies.
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Figure 5. The γ0
t dependence of the fission cross section σsym defined as ACN/2 ± 20u at (a) Ec.m./Ebass = 0.954, (b)

Ec.m./Ebass = 1.000 and (c) Ec.m./Ebass = 1.052 and (d) Ec.m./Ebass = 1.114, in the reaction 48Ca+238U. The horizontal black
and gray line show experimental data and its error bar, respectively [20].
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t dependence of the section σf us for (a) Ec.m./Ebass = 0.990, (b) Ec.m./Ebass = 1.030 and (c) Ec.m./Ebass =

1.114, in the reaction 48Ca+238U. The horizontal black and gray line show experimental data and its error bar, respectively
[21].
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This is because the fusion hindrance due to centrifugal energy appears promi-

nently at the incident energy near the barrier, but at the energy sufficiently higher

than the barrier it is easy to form a compound nucleus independent of the friction.

At Ec.m./Ebass = 0.990, the experimental value can be reproduced with a small

value of γ0
t around 1 MeV s fm −2 as shown in Figure 5. On the other hand, in

higher incident energy, the experimental value can be fitted by about one order

higher value of when the value of γ0
t .

Here, the γ0
t determined from Figures 4, 5 and 6 as a function of Ec.m./Ebass

show together in Figure 7 with the experimental data [19, 20, 21]. The experimen-
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Figure 7. The mass-symmetric fission (open black triangles) and the fusion cross sections (open black squares) for each
γ0

t determined using Figures 4, 5 and 6. The experimental cross section for forming CN (filled squares [21]) and that for
full momentum transfer (FMT) fusion (stars [19]), and the yield of the symmetric fragments with masses ACN/2± 20u

(filled triangles [20]) are plotted.

tal data are shown as square points mean the cross section for the compound

nucleus (CN). The symbol stars in the figure contain both quasi-fission (QF) and

fusion-fission (FF) events, so they are considered to be the capture cross section.

The cross section for triangles is mass-symmetric fission cross section. The cal-

culation results for σsym and σf us are in good agreement with the experimental

data by taking each γ0
t value indicated in the figure.

Summarizing the tangential friction determined from the two kinds of experi-

mental data, the values of γ0
t are plotted in Figure 8 as a function of Ec.m./Ebass .

Filled black triangles and squares show γ0
t value determined from the compari-

son with the cross section of ACN/2± 20u [20] and the fusion cross section[21],

respectively. The value of γ0
t tends to increase with the Ec.m./Ebass . The vari-

ation of γ0
t determined from σf us is milder than one determined from σsym

with respect to the Ec.m./Ebass . This is because fusion reactions relate with the

dissipative effects strongly in the process from the contact point to the stage of



16 Eurasian Journal of Physics and Functional Materials, Vol.6(1).

0.96 0.98 1 1.02 1.04 1.06 1.08 1.1 1.12 1.14
0

5

10

15

20

25

30

35
g 

0 t (
M

eV
 s 

fm
-2

)

Ec.m./Ebass
Figure 8. The values of γ0

t in Figure7 are plotted as the function of Ec.m./Ebass . Filled black triangles and squares show
γ0

t value determined by comparing calculation results with experimental of the cross section of ACN/2± 20u [20] and
fusion cross section [21], respectively.

sufficient mass drift attained. In the high energies, the contact surface interacts

strongly (the increase of the tangential friction) due to increasing the relative

velocity of the projectile-target. It can be seen that the tangential friction greatly

affects the enhancement of fusion.

Conclusions

The dissipative effect is quite delicate for fusion process, especially in the

reaction process in superheavy element production. In this paper, we presented

how the tangential friction affects the fusion cross section and the TKE of fission

fragments. The value of γ0
t which can reproduce the experimental fusion cross

section was clarified. The value of γ0
t are extracted from both the experimental

data of fusion σf us and the yield of symmetric like fragments σsym, ACN/2± 20u .

It is shown that the compatible value of γ0
t with the experiments increases with

the increase of the incident energy in proportion to the power of the relative

velocity between the projectile an the target. Figure 8 means that the larger

tangential friction is needed to reproduce the quasi-fission data, comparing with

the case of complete fusion data. These results indicate how the mass drift

to form the CN and the composite system for quasi-fission depends on the

tangential friction in the different way corresponding to the different region of

angular momentum induced in the entrance channel. The result is useful for

the prediction to the fusion cross section in the unknown superheavy elements.
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On the one hand, it is noted that the relation between the strength of γ0
t and

the experimental TKE could not be resolved because of the difficulty in the

estimation on the thermal energy conversion into the pre-scission kinetic energy

in the process from the saddle to the scission point.
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