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To obtain the interactions which cause neutrino flavor conversion, we introduce a horizontal symme-
try into the standard model (SM) and propose the hypothesis that new interactions generated by the
horizontal symmetry lead to neutrino flavor conversion and oscillation. To support our hypothesis, we
evaluate the flavor conversion probability by new interactions by utilizing the definition of cross sec-
tion, and the prediction is consistent to experimental data. From our hypothesis, neutrino oscillation is
fluctuation of flavor distribution before arriving at equilibrium.

Keywords: neutrino-neutrino interaction, neutrino oscillation, beyond SM.

Introduction

The phase evolution can depict phenomenologically neutrino oscillation [1]
very well, and also manifest neutrinos massive. But the interactions which
cause neutrino flavor conversion remain puzzling [2,3], which we will attempt to
investigate in this paper.

No interactions implied in the SM can induce neutrino flavor conversion,
while a horizontal symmetry added into SM will provide these interactions [4]
and also the masses of neutrinos [5]. Therefore we extend the SM and propose
a hypothesis that new interactions from horizontal symmetry lead to neutrino
flavor conversions. And neutrino oscillation is the macro phenomenon of the
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sum of all interactions before equilibrium, which will results in a mixing matrix
of anarchy [6,7].

To support our hypothesis, we will calculate the flavor conversion probability
by new interactions and compare it to the experimental data. In these calculation,
we will assume neutrinos collide due to ‘Brown movement” with their moments
of all possible directions. We will uncover that it is their mass differences that
lead to three different neutrino mixing angles.

This paper will be constructed as follows. We will introduce the model of
SU(2)p®U(1)y ® SU(2)n , which is an extension of SM by adding a horizontal
symmetry SU(2)y. We will evaluate the flavor conversion probability induced
by new interactions and compare it with experimental data. We will demonstrate
the resultant phenomenon of neutrino oscillation.

The model of SU(2), ® U(1)y ® SU((2)n

For simplicity, we will take two-flavor frame. Thus, our model contains four
leptons v, e, vy, u and four quarks with neglecting the color degree of freedom.
(For anomaly free, quark sector is assigned the same as SM and we will not
discuss them. And we will not discuss the source of neutrino mass in this paper
either.)

The total group is SU(2); ® U(1)y ® SU(2)n . Considering suppression of
e <> u in experiments, the horizontal flavor symmetry SU(2)y only works
between neutrinos. Thus the up sectors of SM doublets are under the horizontal
symmetry SU(2)y, while the lower sectors are not. We will assign the scale
which breaking SU(2)y just a little higher than the scale of SM. After SU(2)y
broken, the model should return to SM.

For 2 x 2 representation of field like ¢ ,the transformation under the group
SU(2)L ® U(1)y ® SU(2)y can be equivalent to transformation under group
SU(2)r, U(1)y and SU(2)y in the meantime. (1) is the transformations of ¥
under group SU(2);, U(1)y and SU(2)N respectively:

P — efi%uc“(x)r{j,
P — eii%ﬁ(x)?ll)
P — ez (T (1)

In (1), Ty, Tr are generators associated with SU(2); and SU(2)y respectively, Y
is the weak hypercharge operator related to U(1)y . The covariant derivatives re-
lated with transformation of ¥ under SU(2);, U(1)y and SU(2)yN respectively
are
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1
D, =09, — 1§nggJWﬁ (2)
1 o
A
Dutp = 0t + 5 gr YT @

In our model, two neutrino flavors are assigned into the doublet representation
of SU(2)yn as follows

Ve
(v) @2 ®)

The numbers within parentheses stand for SU(2);,SU(2)y and U(1)y quan-
tum numbers (21 +1,2Iy +1,Y ) where I, Iy are isospins of the subgroups
SU(2)r,SU(2)N respectively, and Y is the U(1)-hypercharge.

The SU(2)L ® U(1)y is W — S model and the doublets are

Ve Oy
(2) (W), ®

and the lower sectors ey, yy are assigned as (2,1, —1).
We assign all leptons in a left-handed 2 x 2 matrix

Ve Uy
(), g

and two right handed singlets

Re = €R, RH = UR (1,1, —2) (8)

The electric charge formula is given by

Q=L +Y/2 )

Thus, there are seven vector bosons W,};,Pﬂ’; (i=1~3) and Y,, associated
with the subgroups SU(2)r, SU(2)n, U(1)y respectively.
The fermion dynamical Lagrangian is

ﬁf = iReY*(0u +igyYa)Re + iRy'Y“ (0a + inga)Ru
. 1 ) P
+iTr[Ly*(da + zznga - zing;,W;)L]

- 1 1 L
+iTr[L'y”‘i§gF§(1 + 13) LT F,)] (10)
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where

W3 2W-
T wz = ( \/'w+ \/__Wé‘ ) (11)

- P3 2F+
Tk, = ( \/—P* \{Fg) (12)

The difference of (10) from [4] is that T only act on neutrino fields and vector

bosons Fionly intermediate neutrino-neutrino interactions, and the term

(1 + 13) selects the up sectors of L for horizontal symmetry SU(2)y . The proof

of the fermion dynamical Lagrangian (10) invariant under the group SU(2); ®
U(1l)y ® SU(2)n is shown in Appendix A.

Though our horizontal symmetry exists just between neutrinos, the masses of
vector bosons are given by Higgs scalars vacuum expectation value (VEV) and

the mass matrix (13) for W3, F3,Y and the diagonal vectors (14) in [4] are also
suitable for our model

SwgrC  g¢D  gvgrC (13)

( 82B  guwgrC gwgyB)
gwgyB gvgrC  ¢3B

The diagonal neutral vectors are

1
Al = N—A(gywcg — 8wY")

1
ZH = N—Z(gyw‘ + goWh + grY1FY)

1
GH = N—G(gyw + gwWh + grYaF}) (14)

For conveniently comparing with the Weinberg angle in SM, we assume

gr = gcosb
gy = gsinbsing
w = gsinfcos¢ (15)

The interaction Lagrangian can then be written as
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V2 L i _ )
Lint = 78w[Wa (ELy*ve + ALy vu) + Wi (Gev er + 0,7 ur)]

V2 o _
- RgrlEr oo+ B ool
+gsinBsingcosp A, (ey%e + iy i)
Ly
Y2—Wn
1.1 — Y2 _ 4 Y2 o«
4= By 0o — Oy ou) - NzZ
Al L DB A P AKX
+———sin“p(R.v*R. + R, v*Ry,) - NG
T (P( eV Re uY ]/l) GYu
1 ) _ _
+§—y1 (sin®p — cos®P) (L er + firy*pr) - NgGa
Y2—Wn
+1(Lsin2 —
22— Y2—n

1
+ Lsinch + )0,y vy - NgGa (16)

E(yz—m Y2—1n

(coszq) — sinzq))(éyy“eL + fry*ur) - NzZy

)776')’ave - NGy

The coupling constants in (16) compared with the ones in SM will yield

e = gsin@singcosp
Gr_ &
V2 BMEG,

Comparing the third formula in (15) and the second formula in (17), we can
deduce that g, in our model is just the one in SM. Combined with the first
formula in (17), we can deduce that ¢ is just the Weinberg angle 6y, in SM.
The maximal mixture between neutrinos implies the coupling constant gr for
interactions between different neutrinos is similar to gz in SM for the same
flavors. Then we assume the magnitude of gr is the same as gz in SM.

sin*0cos*¢p (17)

The flavor conversion probability per unit time

The cross section ¢ and the scattering probability per unit time
at the start of neutrino flight

We assume neutrinos collide in beam due to their "‘Brownian movement” with
their moments of all possible directions. According to our model, neutrino flavor
conversions are caused by interactions intermediated by F,. At the start of
neutrino’s flight, all neutrino-neutrino interactions can be shown in one Feynman
diagram as (18)
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vap—> —k>v/3 o, B,y=euT (18)
N

Uy ——'——> Uy

p/ k/

v, is the initial neutrino and N is vector boson which intermediates neutrino-
neutrino interactions such as Z, F¥. We assume these vector bosons have masses

similar to Z° in SM.
For small mass of neutrino, our following calculation will ignore neutrino

mass. Thus, the scattering amplitude of (18) is

—jo2
iM = M—gg[ﬂvﬁ(k)’r’*(l — ¥5)tto, ) (P)] [0, (k') 1 (1 = 75)110, (p')] (19)

My, ~ My, ~ My, ~ 0 (20)

As is mentioned, the magnitude of gr ~ ¢z(inSM) and then

|M[? 43 x gt , . 4x g4 / /
— fd k . k . —_ 0= k . k . 21
ICM = TerE2, 16nEgmM;lV( )(p-r) ﬂE%mM%V( )p-p) (@D

Not that (21) is obtained with the convention that the impact parameter b ~ 0.
The neutrino conversion probability generally is obtained on axis, so (21) makes

sense.
In center of mass frame , we have

| = 3[E3, — (w3 + n2)]

k k' =12k-K)=L(k+K)?- (mﬁ—l-mz)
mg] = 3E2, —2m§]

[
p-p=32p-p)=3lp+p)* -

And we get scattering cross section in center of mass frame as below

gz [ (m2+m2)]x[Egm_2m§(] § E2
ocm = 7rE2 M4 (k-K)(p-p') = nﬁE%MZ\/Iﬁ, ~ g:M;%M (22)
Let
s=(p+p)=(k+K) =E, (23)

We can obtain the expression about s of section ¢
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o 82y (My ~ My) (24)

Taking the rest frame of the initial neutrino v,(p) before interaction, we have

s=2p-p' +2m ~2p-p ~2my,Eq, (25)

Then we have scattering cross section as below

4 4
g g5 X 2my, Ey,
N — XS —F— 26
T MR M2 (26)

After some calculation of natural units conversion (which we will show in
Appendix B), we get

1071
o 167

1
(GeV) ™2 = T 10~ cm? (27)

Here we assume m,, = m,, ~ leV and the energy of neutrino E = 1GeV .
Generally, the masses of the former two neutrino families v,, v, are considered far
lighter than the third v;. Thus when v, participates in interactions, its mass in
(22) can not be ignored and (27) is not suitable for these interactions and therefore
the cross section of these interactions should obtained from (22) directly. In this
paper, we only want to know whether our predicting conversion probability is
consistent to experiments. For simplicity and without loss of generality, we only
need to evaluate the order of predicting P(v, — vy) .

Following, we will show how to evaluate conversion probability by cross
section ¢. Consider the definition of ¢:

_ N _ 1 2
e i /d b nyP(b). (28)

In equation(28), np denotes current density of incident particle B; N4 denotes
particle number of target particle A; N denotes all scattering events in unit time.

From (28), if beam section is unit area, the value of current density np equals
incident particle number in unit time. In neutrino beam , target particle is also
particles in beam of the same section and the number of target particle N4 = np.
Thus , according to (28), the value of ¢ equals the average scattering probability
per neutrino in unit time. That means the value of ¢ equals the value of average
conversion probability per unit time of one initial neutrino. Because the cross
section formula (21) is established with the convention b ~ 0, we will choose the
unit area 1cm?. Then
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the magnitude of neutrino-neutrino scattering probability per unit time is
P(va+va—>vﬁ+v):ix10—47x2 (29)
VA
The factor 2 is because 2 initial neutrinos.

Thus our predicting neutrino flavor conversion probability per unit time is

P(vx — vg) ~ O(107%) (30)

The actual conversion probability per unit time at the start of
flight

We can obtain the conversion probability per time (32) by taking a derivative
of the empirical formula (31) with respect to t:

P(vy — vg) = sin2(29ij)sin2(Li0) 0= ;—niz] (31)
M = 251'112(291")51'71(i)cos(i)i ~ 251'112(291~)i (32)
dt P72 Ly" M Lo Lo 712
The last term of (32) is because t < Ly at the start of flight.
In the first second of flight,
AP (e = 1) - %) 2sin?(203) 5 = 25in(203) 25 = zSinz(zei]-)(%lzf)z (33)

0 0

To estimate the magnitude of (33), we take a special example as the conversion
of v, — v, . According to experimental data, we take values of (34) into (33):

E ~ 1GeV
Am2, ~ 8 x 1075(eV)? = 8 x 1072(GeV)? (34)
sin2(2612) = 0.86

So, the conversion probability per unit time at the start of neutrino flight is

8 x 1023

P(ve — vy,) = 2sin*(201,)( 1

)2~ 6x 10740 (35)

Apparently, our prediction (30) is very close to the actual value(35).
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Neutrino oscillation

According to our model, neutrino-neutrino interaction is

Lint = _ig/Z Zv_zxr)’y(l - ’)’S)Uazy —igF Z U_ﬁf)’y(l - ’)’5)0041:;: (36)
« aFp
As is mentioned before, we assume

87 ~ 82~ §F 37
Mz ~ Mr ’ 37)
then the whole approximate effective Hamiltonian can be written in one term
as follows

G _ _
Hiy = 7% /dXS(vaL’YWiL)(ZU;'L’Y”U]'L) (38)
i j

Here ¢’ is not a pure state and is some mixture of several states. While v;, 47
are initial states. Thus the neutrino mixture is just the macro result of the sum of
all interactions. And we also can conclude that the mixture of neutrino flavors
will not be constant until all neutrino-neutrino interactions arrive at balance.

We can see that there is a equilibrium state for these interactions. There
must have some oscillations before neutrino probability distribution arrive at
equilibrium distribution.

Conclusions

For interactions responsible for neutrino flavor conversions, we constructed the
extension of SM including a horizontal flavor symmetry i.e. SU(2)p @ U(1)y ®
SU(2)n. The horizontal symmetry SU(2)y introduces interactions between
different neutrino flavors and leads to neutrino flavor conversions.

To testify our idea, we have evaluated the flavor conversion probability in-
duced by new interactions by utilizing the definition of cross section. In this
calculation, we assume neutrinos collide due to ‘Brown movement” and the direc-
tion of individual neutrino instantaneous moment in beam is not definite and
generally not consistent to the direction of neutrino flux. Fortunately, the pre-
diction is consistent with experimental data. And we also demonstrate neutrino
oscillation as phenomenon before all neutrino-neutrino interactions arriving at
balance.

Appendix
A. The invariance of the fermion dynamical Lagrangian under
the group SU((2), ® U(1)y ® SU(2)n

The invariance of L transforming under the group SU(2); ® U(1)y ® SU(2)n
can be equivalent to invariance under group SU(2);, U(1)y and SU(2)y in the
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meantime:

L — e 2T
L — e i3B@YL (A1)
L —s Lei20" ()T

a,B,p is infinitesimal, T,, Tr are generators associated with SU(2); and
SU(2)y respectively, Y is the weak hypercharge operator related to U(1)y. We
introduce gauge fields W, Y, F. to relate groups SU(2);, U(1)y and SU(2)y
respectively.

The covariant derivatives related with transformation under SU(2);, U(1)y
and SU(2)y respectively are

Dy =9, — i%gwrg,gvg
Define the gauge transformation of gauge fields W}, Y}, F. as follows
ing”Wﬁ = ing”Wﬁ — iayszrb — %gw[r”’Wﬁ,szrb]
1
igrT'F = igrT"F) — 10,070 — lgr [T“Pﬁ,pbrb]

The fermion dynamical Lagrangian invariant under the group SU(2), ®
U(l)y ® SU2)y is

+iTr[Ly" (0a + i%gy Ya — i%g_wTQUW;)L] (A4)
HTr[Ly"i38r5 (1 + B) LT E)]

In (A.4), for left-handed lepton, the value of the hypercharge Y is -1 and for
right-handed lepton R, the value of the hypercharge Y is -2.

With the transformation of these gauge fields (42), the fermion dynamical
Lagrangian (A.4) will be invariant under the group of SU(2); ® U(1)y ® SU(2)N -
We will prove it term by term.

Proof:

1. The first two terms in (A.4)
R, — e HBOTR, 5 (1 i%ﬁ(x)Y)Re — (14 iB(x))R.

The covariant derivative is

Dy = 0u +igyYy
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and the transformation of gauge field

1
Y, =Y, ——d
p gy up

We only need to prove

Dy (14 iB(x))R, — (1+iB(x))DuR,

ie.

(O +igy Vi) [(1 +iB(x))Re] — (1 +iB(x)) (9 +igyYu)Re  (AS5)

Left of (A.5) =

i0,BR, + (1 +iB)9uRe +igyYuR, — gy Yy BRe

= i0uBRe + (1+iB)3yuRe +igy (Vi — 5-0uB)Re — 8y (Y — 5-0uB)BRe
— R, +i0,BR, +iPOyRe +igyYuRe — iduBR. — gy YupRe + 0, BBR.
— 9uR, +iBOuRe +igyYuRe — gy YuPBRe + 94 BBRe

Right =

(1+iB(x))(9u + igyYu)Re

Omitting the higher order of O(gp), we can obtain

(9 +igy Vi) [(1 +if(x))Re] — (1+iB(x))(9u +igyYu)Re

2. The third and fourth term
We will prove the invariance of these two terms by prove invariance under
group SU(2), U(1l)y and SU(2)y respectively.

The transformations of the gauge fields are

ayA7a aya7a 1 b-b ‘11aya7a ,bb

W = T'W) — 2-0,0’T +i5[T"Wy, 2" 7]
1

ara ara 1 b-b lr-ara b, b

TR = TR — -0, T + g [TV, 07T

(1) (A.4) is invariant under U(1)y
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L — [1+i3B(x)]L
Dy = 9y + 38 Yy

Which we need to prove is

L— [1+iip(x)]L
Dyl +i3B(x)]L — [1+i3B(x)|DyL,

that is

(3, + i%gm)u + i%ﬁ(x)]L S+ i%ﬁ(x)] (3, + i%gm)L (A6)

with
Y—>Y—18ﬁ
M M ng

Left of (A.6) =

(9 + 138y Yy)[1 +i3B(x)]L

= i3 B(x)L + [1+i3B(x)]3uL + i3gyYul — 1gyYupL

— i50uB(X)L + [1+i3B(x)]0uL + izgy (Vi — 5-0uB)L — 38y (Yy — £-0uB)BL
~ 1+ ()L + idgy YL

The right of (A.6) is
1+ 71B(0)] (3 + idgy V)L,
= [1+13B(x)]0uL +i58v YL — 13y YL
~ [1+ilB(x)]o,L + gy YL

Thus (A.6) can be established.

(2) (A4) is invariant under SU(2).

L— [1—ita®(x)T"]L
D, =9, — i%ng”Wﬁ

202
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Which we need to prove is

1 1
D,[1 - iiac“(x)T“]L =[1- iEa“(x)T“]DP,L,

that is

1 a a 1 a a 1 a a 1 a a
(9 — I58wT Wil — i5u (X)L =[1— i5a (x)T?] (9 — 58w T W)L (A7),

with

1 1
Wy — TTWy — g—aylxbrb + iE[T“W§,abrb]
w

The left of (A.7) is
(0 — i%ng”W§) [1—iza®(x)T"]L
= —i30,a"(x)T°L + [1 — ita®(x)T"]9,L — i%ng”WﬁL — }Ing“Wﬁzx“(x)T“L
— —i29,a"(x)T°L 4 [1 — i3a®(x) 79, L — i%gw{T”W“ - glwaysz'tb + i%[T”Wﬁ,abrb]}L
—}ng{T”Wﬁ - giwayszrb—i—i [T"W, al b el (x) T
= —i19,a%(x)T°L + [1 — ia®(x)T ]a L— zzng“WﬁL+i%ayabTbL
+}ng [T“Wﬁ,abrb]L — }Ing“WﬁlbebL
= [1—iza®(x) 7|9, L — 38 T"WiL + 4gw[ TWE, P T L — 180 T'Wial Tl L
= [1—iz3a®(x) 79, L — i380 T" WL — 1guw"T T”W“L
Here, we omitting the higher orders.

The right of (A.7)=

[1—ija (x)r”](ay—i%ng“Wﬁ)L
= [1—iza®(x) 719, L — i380 T"WiiL — 1guwt" T T*WiL

Thus (A.7) can be established.

(3) (A.4) is invariant under the horizontal group SU(2)yn

L—L =L(1+ i%pb(x)rb)

1
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Which we need to prove is

Du[L(1+i50"(x) )] = (DuL)(1 + i (1)),

that is

OulL(L+ 130" (X)) + izgrL(L+ e () T)TE, o
— (3L + 13grLT"Ff) (1 + ifo? (x)7) |

with

1 1
T'F; — T'F; — g—Fayprb + iE[T”Fﬁ,prb]

The left of (A.8) is

OulL(1 +i3p"(x)T")] +i38rL(1+i3p" (x) ") TF]

= 9, L(1+i50"(x)1") 4 Li3d,0" (x)T° + i3grLT°F — 18rLp"(x) 7" 1°F}

— OuL(1 +i3p"(x)7") + Lizduo” (x)7° + i3ge L{T"F — 3-9,0" 7" + iz [t"F}, " 7"}
—}LgprC(x)TC{T”Fﬁ — glFayprb + i%[r“Pﬁ,pbrb]}

~ 9 L(1+izp"(x)1") + Liz0,p"(x) 1" + izgrLT°F} — i3L9,p07"
—38rL[T"F}, o’ "] — 3grLp"T"T°F}

=0, L(1+ i%pb(x)rb) + i%gpLT”Fﬁ — }LgpLT”Fﬁprb

The right of (A.8) is

(0uL + i5grLT"F) (1 4 i3p"(x)7?)
= 0, L(14i50"(x)1") 4 i3grLT"F} — jgrLT"Fipbt?

Thus (A.8) can be established.
So, (A.4) is invariant under SU(2); @ U(1)y ® SU(2)N -

B. The cross section of neutrino-neutrino interaction ¢

We assign neutrino energy E, = 1GeV ,and some known paramters as below
My, ~ 1eV = 10"2GeV
MZ ~ 90GeV
M2
82 = 3450
Gr=1x1075/(GeV)?
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Taking above values into the cross section formula, we will get

M3 _
N S X Utoby, g X G xWnEa 10000 gy
TE Ve T M2 = 16w ¢ '

Using the conversion of natural units, we can get

lem =5 x 1013 GeV 1
— GeV 1 =0.2x 10 Bem
— GeV~2 = 0.04 x 10~ 2¢m?

Thus

10~1
o 167

1
(GeV) ™2 = Py 10~ cm?

Because the cross section formula (B.1) is obtained with the convention that
the impact parameter b ~ 0, we adopt the unit cm?.
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